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Abstrat. We onsider the time evolution of a partile bound by an attrative one-dimensional delta-
funtion potential (at x = 0) when a uniform eletrostati eld (F ) is applied. We explore expliit ex-
pressions for the time-dependent wavefuntion ψF (x, t) and the ionization probability P(t), respetively,
in the weak-eld limit. In doing so, ψF (0, t) is a key element to their evaluation. We obtain a losed ex-
pression for ψF (0, t) whih is an exellent approximation of the exat result being a numerial solution
of the Lippmann-Shwinger integral equation. The resulting probability density |ψF (0, t)|
2
, as a simple
alternative to P(t), is also in good agreement to its ounterpart from the exat one. In doing this, we also
nd a new and useful integral identity of the Airy funtion.
PACS. 79.70.+q Field emission, ionization, evaporation, and desorption  34.50.Fa Eletroni exitation
and ionization of atoms (inluding beam-foil exitation and ionization)  73.23.Hk Coulomb blokade;
single-eletron tunneling
1 Introdution
The ionization of atoms in an external eletri eld is one
of the oldest issues in quantum mehanis. As a simple
example, hydrogen-like atoms in a uniform eletrostati
eld have extensively been onsidered [1℄. Here, the bak-
ground potential aused by the eld dereases without
limit in one diretion, and eletrons initially in the bound
state will eventually tunnel through the barrier reated
by the eld, and will ionize. Aordingly, there are no true
bound states. The tunneling rate for an ensemble of many
independent eletrons has been alulated based on the
exponential deay law following from the experimentally
supported statistial assumption that the tunneling rate
is proportional to the number of available atoms. On the
other hand, big experimental advanes in the eld of nano-
saled physis have inreased importane of the study of
the tunneling proess of individual eletrons; new nano-
saled devies have been devised, examples of whih are
tunnel juntions based on the eletron resonant-tunneling
eet [2℄ and moleular swithes [3℄. Therefore, a detailed
understanding of the apabilities of these devies learly
requires a deeper knowledge of the tunneling proess of a
single eletron subjeted to an external eld. However, in
analyti studies of the time evolution of the tunneling pro-
ess, e.g., leading to ionization, we have the mathematial
diulty that there are no expliitly solvable models for
a transition from a bound state to the ontinuum. Also,
even obtaining the numerial solution with high auray
a
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to this problem would not be an easy task either, espeially
in the strong-eld limit where a highly osillatory behav-
ior is found in the time evolution of the bound-ontinuum
transition.
In this paper, we would like to study the time evolu-
tion of a partile bound by an attrative one-dimensional
delta-funtion potential (at x = 0) when an external eld
is applied. We will restrit our disussion below to a uni-
form eletrostati eld F for simpliity's sake. The single
delta-funtion potential well (without an external eld)
has a single bound state. This would make easier an anal-
ysis of the ionization. From an applied point of view, the
delta-funtion potential system has atually been utilized
heuristially to represent a short range atom or optially
ative defet as well as, in more omplex ombinations,
resonant-tunneling juntions [4,5,6℄, moleular swithes
[6,7,8℄, and Dira omb latties [9℄. This model of the eld-
indued time-dependent ionization was rst disussed by
Geltman [10℄. Later on, some various approahes to expli-
itly obtaining the time-dependent solution ψF (x, t) have
been arried out [11,12,13,14,15,16℄. However, no exat
solution in losed form (in terms of its atual alulability)
has been found. The method we adopt here to solve the
time-dependent Shrödinger equation is to turn it into an
integral equation based on the Lippmann-Shwinger for-
malism. The integral equation has thus far been foused
mainly upon its numerial solvability. Also, we will employ
both the xˆ F interation Hamiltonian (the salar-potential
gauge) and the pˆ A (the vetor-potential gauge) and then
ompare them (f. for a detailed disussion of xˆ F versus
pˆ A gauge problem, see Ref. [17℄).
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A primary goal of this work is to pursue the analytial
expressions for the wavefuntion ψF (x, t) and the ioniza-
tion probability P(t), respetively, in the weak-eld limit
(i.e., the eld strength f . 1 relative to the strength of the
potential well). As will be shown, ψF (0, t) is a key ingre-
dient to doing so. In [12℄ and [18℄, on the other hand, the
ionization probabilities in the strong-eld limit have been
studied while negleting the inuene of the residual zero-
range potential on the wavefuntion ψF (x, t) and using
the numerial method in the Born-approximation sheme,
respetively. They have been then ompared to the exat
result obtained from the numerial analysis. In addition,
the ionization probability in the strong-eld limit obtained
in the sheme of the exponential deay approximation was
shown to be a good approximation on the average to the
exat result, although it annot aount for the short-time
ripples found in the exat result [12℄. In the weak-eld
limit, however, we annot easily neglet the inuene of
the ultrathin potential well to the wavefuntion. We will
obtain a losed expression for ψF (0, t) in this limit, and
study its probability density |ψF (0, t)|2 as a simple alter-
native to P(t).
The general layout of this paper is the following; in
Set. 2 we briey review the known results inluding the
delta-funtion potential problem without an external eld
and the problem of a partile subjeted to a uniform ele-
trostati eld but not bound by the ultrathin potential
well. Here, we also derive the Lippmann-Shwinger in-
tegral equation for the urrent problem from the time-
dependent Shrödinger equation, and review the time-
dependent tunneling through the ultrathin potential well
(or barrier) in the eld-free ase, whih is an analytially
solvable model [19℄. In Set. 3, analytial expressions for
ψF (x, t) and P(t) are explored, and an expliit expression
for ψF (0, t) in the weak-eld limit is derived, partially with
the aid of the exponential deay approximation. Setion 4
deals with |ψF (0, t)|2, as a simple alternative to the ion-
ization probability, whih is in exellent agreement to the
exat result obtained from the numerial analysis of the
Lippmann-Shwinger equation; this ontains the slak rip-
ples in the time evolution, whih annot be found in its
ounterpart obtained entirely from the exponential deay
approximation. Finally, in Set. 5 we give the onlusion
of this paper.
2 General formulation
The system under onsideration is desribed by the Hamil-
tonian
Hˆ = pˆ
2
2m − V0 δ(xˆ) − xˆ F (t) , (1)
where V0 > 0 and F (t) = F · Θ(t). We deompose this
Hamiltonian into Hˆ0 =
pˆ2
2µ − V0 δ(xˆ) and HˆF = pˆ
2
2µ − xˆ F ,
where µ = 2m and Hˆ = Hˆ0 + HˆF . First, Hˆ0 has a single
bound state,
ψb(x) =
√
B e−B |x| , (2)
with eigen energy Eb = −~2B22µ , where B = µV0~2 . Clearly,
ψ′b(x) has a disontinuity at x = 0. All eigenstates and
eigenvalues of Hˆ0, and also the ompleteness of the eigen-
states, were disussed in detail in, e.g., Refs. [20℄ and [21℄.
The eigenfuntion of HˆF with (ontinuous) energy E is
given by [22℄
φE(x) =
(
4µ2
~4 F
) 1
6
Ai
{
−
(
2µF
~2
) 1
3 (
x+ EF
)}
, (3)
where the Airy funtion
Ai(σ) := 12pi
∫∞
−∞ dy e
i y
3
3 + iσy . (4)
We have an alternative hoie to xˆ F in equation (1) for the
eld-interation Hamiltonian; the Hamiltonian Hˆ in the
salar-potential gauge is then replaed by its ounterpart
in the vetor-potential gauge,
Hˆv = Hˆv,F − V0 δ(xˆ) , (5)
where Hˆv,F =
1
2m {pˆ + pc(t)}2 with the vetor poten-
tial pc(t) =
∫ t
0 F (τ) dτ . The time-dependent Shrödinger
equations in the salar-potential and the vetor-potential
gauges read
i~ ∂∂t ψF (x, t) = Hˆ ψF (x, t) ;
i~ ∂∂t ψv(x, t) = Hˆv ψv(x, t) , (6)
respetively. Here, the two equations are onneted by
the relationship ψF (x, t) = e
i
~
x·pc(t) ψv(x, t). Remarkably
enough, the ionization probabilityP(τ) = 1−|〈ψb|ψF (τ)〉|2
in the salar-potential gauge is dierent from Pv(τ) =
1−|〈ψb ·e− i~pc(τ)·x|ψF (τ)〉|2 in the vetor potential gauge.
As was pointed out in [18℄, for P(τ) one swithes on the
eld at t = 0 and turns it o at t = τ . Afterward the
ionization probability is measured; for Pv(τ) one turns
o the vetor potential instead of the eld. However, it
appears physially unrealisti to think of an experiment
where the vetor potential pc(τ) =
∫ τ
0 F (τ
′) dτ ′ is turned
o. Therefore we will take P(τ) under onsideration.
We intend to derive the Lippmann-Shwinger integral
equation for this problem from the time-dependent Shrödinger
equation. To do this, let us go ahead with the Shrödinger
equation in the vetor-potential gauge in the momentum
representation, where the homogeneous solution (to the
Shrödinger equation for Hˆv,F ) an be obtained very eas-
ily. By substituting
ψv(x, t) =
1√
2pi~
∫∞
−∞ dp ϕv(p, t) e
i
~
xp
(7)
into the equation for ψv(x, t) in (6) and then multiplying
1
2pi~ e
− i
~
xp′
on both sides, followed by the integration over
x, we aquire
i~ ∂∂t ϕv(p, t) =
{p+ pc(t)}2
2m ϕv(p, t) +∫∞
−∞ dp
′ V˜ (p− p′)ϕv(p′, t) , (8)
where
V˜ (p) = 12pi~
∫∞
−∞ dx e
− i
~
p x V (x) ,
V (x) =
∫∞
−∞ dp e
i
~
p x V˜ (p) = −V0 δ(x) . (9)
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First, the (homogeneous) solution to the equation,
i~ ∂∂t ϕv,F (p, t) =
{p+ pc(t)}2
2m ϕv,F (p, t) easily appears as
ϕv,F (p, t) = Uv,F (p, t) · ϕ(p, 0) , (10)
where the time evolution fator
Uv,F (p, t) = e
− i
~
R t
0
1
2m{p+ pc(τ)}2 dτ
, and the initial bound
state
ϕ(p, 0) = ϕb(p) =
√
2
pi
(~B)3/2
p2 +(~B)2 . (11)
Next, by inserting an ansatz ϕv(p, t) = ϕv,F (p, t)χv(p, t)
with χv(p, 0) = 1 into equation (8), we have
i~ ∂∂t χv(p, t) =
1
2pi~
−V0
ϕv,F (p,t)
∫∞
−∞ dp
′ ϕv,F (p′, t)χv(p′, t) .
(12)
Integrating equation (12) over t and then multiplying
ϕv,F (p, t), we obtain
ϕv(p, t) = ϕv,F (p, t) +
i
~
V0
2pi~ Uv,F (p, t) ×∫ t
0
dτ U−1v,F (p, τ)
∫∞
−∞ dp
′ ϕv(p′, τ) . (13)
By using the Fourier transform in equation (7), we ar-
rive at the the Lippmann-Shwinger equation for ψv(x, t),
whih reads
ψv(x, t) = φv(x, t) +
i
~
V0
∫ t
0
dτ Kv,F (x, t|0, τ)ψv(0, τ) .
(14)
Here, the homogeneous solution
φv(x, t) =
1√
2pi~
∫∞
−∞ dp ϕv,F (x, t) e
i
~
xp
, and the propa-
gator Kv,F (x, t|x′, τ) appears as the Fourier transform of
Uv,F (p, t)U
−1
v,F (p, τ) suh that
Kv,F (x, t|x′, τ) = (15)
1
2pi~
∫∞
−∞ dp · e
i
~
p (x−x′) · Uv,F (p, t) · U−1v,F (p, τ) =√
m
2pii ~ (t−τ) · e−
i
~
{Sc(t)−Sc(τ)} · e i~ m2 (t−τ) ({x−xc(t)}−{x′−xc(τ)})2
with the eld-indued translation
xc(t) =
1
m
∫ t
0 dτ pc(τ) =
F t2
2m and the eld-indued a-
tion Sc(t) =
1
2m
∫ t
0
dτ p2c(τ) =
F 2 t3
6m . Then, it turns out
that φv(x, t) =
∫∞
−∞ dx
′Kv,F (x, t|x′, 0)ψ(x′, 0), where
ψ(x′, 0) = ψb(x′). On the right hand side of equation (14),
this learly represents free motion subjeted to an exter-
nal eld (so-alled Volkov part), and the seond term is
the inuene of the residual zero-range potential.
Keeping in mind the gauge fator e
i
~
x·pc(t)
, we then
easily nd the propagator KF (x, t|x′, τ) in the
salar-potential gauge, from (15) for the vetor-potential
gauge, as
KF (x, t|x′, τ) = Kv,F (x, t|x′, τ) · e i~{xpc(t)−x′pc(τ)} ,
(16)
and also the orresponding Lippmann-Shwinger equation
ψF (x, t) = φF (x, t) +
i
~
V0
∫ t
0
dτ KF (x, t|0, τ) · ψF (0, τ) .
(17)
Equivalently, we have the integral equation for the total
propagator
KF (x, t|x′, 0) = KF (x, t|x′, 0) + i~ V0 × (18)∫ t
0
dτ KF (x, t|0, τ) · KF (0, τ |x′, 0) .
Here, the homogeneous solution
φF (x, t) =
∫∞
−∞ dx
′KF (x, t|x′, 0)ψb(x′) with
KF (x, t|x′, 0) =
√
m
2pii ~t · e
im(x−x′)2
2~t · e− i~
“
F2
24m t
3− x+x′2 F t
”
(19)
redues to a losed expression [12℄
φF (x, t) =
√
B e
i
~
{xpc(t)−Sc(t)} {M (x− xc(t);−iB; ~m t)
+M
(
xc(t)− x;−iB; ~m t
)}
(20)
in terms of the Moshinsky funtion [23℄
M(x; k; t) = 12 e
i (k x− 12 k2 t) · erf
{
x− k t√
2 i t
}
, (21)
where erf(z) is the omplementary error funtion. Also,
we have in equation (17)
KF (x, t|0, τ) = K0(x, t|0, τ) · e i~{Fx2 (t−τ)− F
2
24m (t−τ)3} ,
(22)
where the eld-free propagator
K0(x, t|0, τ) =
√
m
2pii ~ (t−τ) · e
i
~
m
2 (t−τ)
x2 . (23)
It is also interesting to onsider the momentum repre-
sentation of the propagator KF (x, t|x′, 0) in equation (18),
〈p|Uˆ(t)|p′〉 = K˜F (p, t|p′, 0) = (24)∫∞
−∞ dx
∫∞
−∞ dx
′ 〈p|x〉KF (x, t|x′, 0) 〈x′|p′〉 ,
where Uˆ(t) = e−
i
~
Hˆt
and 〈p|x〉 = e− i~xp/√2pi~ . By apply-
ing an iteration of replaing the integrand KF (0, τ |x′, 0)
by the entire expression of the right hand side and then
performing the Fourier transform to eah term, we will ob-
tain an expliit expression for K˜F (p, t|p′, 0); after a fairly
lengthy alulation we eventually arrive at the expression
K˜F (p, t|p′, 0) = Uv,F (p− pc(t), t) AF (p, p′, t) , (25)
where
AF (p, p′, t) = δ(p− pc(t)− p′) +
∫ t
0
dτ1 U
∗
v,F (p− pc(t), τ1)×{ ∞∑
k=1
( i2pi~2V0)
k
k−1∏
l=1
∫ τl
0 dτl+1
∫∞
−∞ dpl Uv,F (pl, τl) U
∗
v,F (pl, τl+1)
}
×Uv,F (p′, τk) . (26)
Here, the summation index k ounts how many times the
eletron interats with the delta-well while it travels from
p to p′. The Born term (k = 1) has a losed form
A(B)F (p, p′, t) = i2~V0
√
im
2pi~F {p−p′−pc(t)} × (27)
e−
i
8~mF {p−p′−pc(t)}{p+p′−pc(t)}2 ×{
erf
(
bF√
aF
)
− erf
(√
aF t +
bF√
aF
)}
.
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where aF (t) =
F
2i~m{p−p′−pc(t)} and bF (t) = 14i~m{(p−
pc(t))
2−(p′)2}. This momentum representation K˜F (p, t|p′, 0)
in the salar-potential gauge in terms of {Uv,F (p, t)} from
the vetor-potential gauge rather straightforwardly demon-
strates the omplexity of the bound-ontinuum transition
involving innitely many ompliated ontinuum-ontinuum
transitions.
Now, we briey onsider the eld-free (F = 0) ase de-
sribed by the Hamiltonian Hˆ0. In this ase, we an obtain
an expliit expression for ψF=0(x, t) from the Lippmann-
Shwinger equation (17) [19℄. We sketh this proedure; by
applying the Laplae transform to this equation for x = 0,
with the aid of the onvolution theorem, we obtain
ψ˜0(0, s) =
φ˜0(0,s)
1− i
~
√
m
2i~ s V0
, (28)
where the Laplae transformed ψ˜0(x, s) = L{ψ0(x, t)},
and φ˜0(x, s) = L{φ0(x, t)}. From equation (20) for F = 0
and x = 0, it follows that
φ0(0, t) =
√
B e−
i
~
Ebt
erf
(√
− i
~
Eb t
)
, (29)
whih gives φ˜0(0, s) =
√
B√
s
“√
s+
√
− i
~
Eb
”
. Applying the
inverse Laplae transform to equation (28) [24℄, we now
aquire ψ0(0, t) =
√
B e−
i
~
Eb t
, whih subsequently yields,
from equation (17), [25℄
ψ0(x, t) =
φ0(x, t) +
√
B
{
M
(|x|; iB; ~m t) − M (|x|;−iB; ~m t)} =√
B
{
M
(|x|; iB; ~m t) + M (−|x|;−iB; ~m t)} =
ψb(x) e
− i
~
Ebt . (30)
Along the same line, even the total propagatorK0(x, t|x′, 0)
for Hˆ0 was exatly derived in Ref. [19℄. On the other hand
it is very non-trivial to apply the Laplae transform to
equation (17) for F 6= 0 [note the highly osillatory fator
e−
F2
24m (t−τ)3
in equation (22)℄ in order to derive the total
propagator for Hˆ , the expliit expression of whih has thus
far not been known. In fat, equation (17) has been just
numerially treated, namely, rst it is numerially solved
for ψF (0, t), whih is substituted bak into it for ψF (x, t).
3 Expliit expressions for wavefuntion and
ionization probability
In dealing with the the temporal integral in (17) with (22)
analytially, the fator e−
F2
24m (t−τ)3
in KF (x, t|0, τ) is a
major limiting one. We intend to irumvent this diulty
with the aid of the Fourier transform of Airy funtion
Ai(σ) [22℄,
∫∞
−∞ dσAi(σ) e
iση = e−
i
3η
3
= e−
i
~
F2
24m (t−τ)3
(31)
where the dimensionless time η = 12 (
F 2
~m )
1
3 (t − τ) [26℄,
and the dimensionless energy σ. Therefore, we have,
from equation (22),
KF (x, t|0, τ) = K0(x, t|0, τ) e i~ Fx2 (t−τ) ×∫∞
−∞ dσAi(σ) e
i
2σ(
F2
~m )
1
3 (t−τ) . (32)
By means of the eigenfuntions φE(x = 0) in equation (3)
and the substitution σ = −{ 2m(~F )2 }
1
3 E, this beomes
KF (x, t|0, τ) =
∫∞
−∞ dE K0(x, t|0, τ) 1√F ×
e
i
~
“
Fx
2 − E22/3
”
(t−τ)
φE(0) . (33)
Here, we see that eah σ may be interpreted as a spetrum
hannel of the propagator KF (x, t|0, τ). From equations
(17) and (32) it follows that
ψF (x, t) = φF (x, t) + B
√
i~
2pim
∫∞
−∞ dσAi(σ) TF (x, t, σ) ,
(34)
where
TF (x, t, σ) :=
∫ t
0 dτ
1√
t−τ e
i
~
mx2
2 (t−τ) · e i~ εF (x,σ) (t−τ) · ψF (0, τ)
(35)
with the eld-indued energy εF (x, σ) =
Fx
2 +
σ
2 (
~
2F 2
m )
1
3
.
We also note that the eigen energy E = −2 23 εF (0, σ).
To expliitly evaluate the integration over σ in (34), we
expand Ai(σ) in terms of the delta-funtion δ(σ) so that
Ai(σ) =
∞∑
k=0
(−1)k
k! 3k
(
∂
∂σ
)3k
δ(σ) , (36)
whih follows from the denition of the Airy funtion in
equation (4). By means of the relationship
∫
dσ δ(k)(σ) h(σ) =
(−1)k h(k)(0), equation (34) beomes
ψF (x, t) = φF (x, t) + B
√
i~
2pim ×
∞∑
k=0
1
k! 3k
∂3k
∂σ3k TF (x, t, σ)
∣∣∣
σ=0
. (37)
We now alulate 〈ψb|ψF (t)〉 for the ionization proba-
bility P(t) = 1 − |〈ψb|ψF (t)〉|2. From equations (2), (35),
and (37), we obtain
〈ψb|ψF (t)〉 = 〈ψb|φF (t)〉 + i ~2m
√
B
3 ×
∞∑
k=0
1
k! 3k
∂3k
∂σ3k
GF (t, σ)
∣∣∣
σ=0
, (38)
where
GF (t, σ) =
∫ t
0
dτ ψF (0, τ) e
iγ1(σ)·(t−τ) ×{
e−γ2 (t−τ)
2
erf
(
−γ3
√
t− τ3 + γ4
√
t− τ
)
+
eγ2 (t−τ)
2
erf
(
γ3
√
t− τ3 + γ4
√
t− τ
)}
(39)
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with γ1(σ) = σ
(
F 2
2~m
) 1
3
+~B
2
2m ; γ2 =
BF
2m ; γ3 =
F
2
√
1
2 i ~m ,
and γ4 = B
√
i ~
2m . Equation (39) yields
∂3k
∂σ3k
GF (t, σ)
∣∣∣
σ=0
=
(
F 2
2 i ~m
)k ∫ t
0
dτ (t− τ)3k gF (t, τ) (40)
=
(
F 2
2 i ~m
)k
(3k)!
∞∑
l=0
1
(3k+l+1)!
∂l
∂τ l gF (t, τ)
∣∣∣
τ=0
t3k+l+1 (41)
where
gF (t, τ) = 2 ψF (0, τ)
{
M
(−xc(t− τ);−iB; ~m (t− τ))
+M
(
xc(t− τ);−iB; ~m (t− τ)
)}
(42)
in terms of the Moshinsky funtion M(x; k; t). In obtain-
ing equation (41) from (40), an iteration of the integra-
tions by parts was applied. From equations (38), (41) and
(42) we learly see that the knowledge of ψF (0, t) is the
key to the atual evaluation of the ionization probability.
Therefore, we restrit our disussion below to derive an
expliit expression for ψF (0, t), a good approximation of
whih an atually be obtained in the weak-eld limit.
We will onsider two dierent approximation shemes
for ψF (0, t) in the weak-eld limit; rst, we simply re-
plae KF (x, t|0, τ) and ψF (0, τ) on the right hand side of
equation (17) by K0(x, t|0, τ) and ψ0(0, τ), respetively
[f. equations (23) and (30)℄, whih immediately yields for
x = 0
ψF (0, t) ≈ φF (0, t) +
√
B e−
i
~
Ebt
erf
(√
− i
~
Eb t
)
.
(43)
Clearly, the seond term of the right hand side appeared
from the interation between the partile and the potential
well in the limit of F → 0. By replaing φF (0, t) here
by φ0(0, t) as well and then approximately substituting
this ψF→0(0, τ) into ψF (0, τ) in (35), we will be able to
onsider a losed expression for ψF (x, t) in (34). To this
end, we mimi the proedure for the eld-free result in
(30). Then, equation (35) is transformed into [25℄
TF (x, t, σ) =
√
pi
2βF
{
e−2αβF
∫√t
0
ds ∂∂s erf
(
α
s − βF s
) −
e2αβF
∫√t
0 ds
∂
∂s erf
(
α
s + βF s
)} · e− i~Eb s2 ψF (0, t− s2) ,(44)
where s =
√
t− τ ; α(x) = |x|√
2i~/m
and
βF (x, σ) =
√
i
~
{|Eb| − εF (x, σ)} . Now, from (37) and
(44) with ψF (0, t− s2) ≈ ψ0(0, t− s2), we nd that
ψf (x, t) ≈ φf (x, t) +
√
B
2 e
− i
~
Ebt
∞∑
k=0
1
k! 3k
T
(3k)
f (x, t, σ)
∣∣∣
σ=0
,
(45)
where the dimensionless quantity f := mF
~2B3 represents
the relative eld strength, and
Tf(x, t, σ) =
√
i|Eb|
~
1
βf (x,σ)
{
e−2αβf erf
(
α(x)√
t
− βf (x, σ)
√
t
)
− e2αβf erf
(
α(x)√
t
+ βf (x, σ)
√
t
)}
. (46)
Here, βf (x, σ) =
√
i|Eb|
~
√
1− xBf − σf 23 . Clearly, equa-
tion (45) with f = 0 exatly redues to its eld-free oun-
terpart in (30).
In the seond approximation sheme, we make use of
the exponential deay ansatz for ψF (0, τ) in equation (17),
ψF (0, τ) =
√
B e−
i
~
E τ , (47)
where the omplex-valued energy E = Ef − i2 Γf with
Ef = Eb +∆f ; ∆f is the level shift. Equation (47) with
the substitution τ = t − s2 easily yields, from equations
(17) and (22) for x = 0,
ψf (0, t) = φf (0, t) +
√
2 i~B3 t
pim e
− i
~
E t Yf (t) , (48)
or alternatively,
ψf (0, t) = φf (0, t) ·
(
1 −
√
2 i ~B3 t
pim Yf (t)
)−1
, (49)
where Yf (t) =
∫ 1
0 dz e
−ξ1 z6− ξ2 z2
with ξ1 =
f2 E3b t
3
3 i ~3 and
ξ2 =
E t
i ~ . It has been shown that in the weak-eld limit|f | ≪ 1 the exponential deay law oers a good approx-
imation of the exat result for the ionization probability
P(t) [11,14℄; further, the semilassial value ∆f,WKB =
− 5~2B28m f2 is in exellent agreement to ∆f up to f . 0.1,
and Γf,WKB =
~
2B2
m e
− 23f
a good approximation of Γf for
f . 1 [12,14,27℄. However, the exponential deay approx-
imation learly annot aount for any ripples in the time
evolution of the ionization probability observed from its
exat result. We would like to approximately reover the
ripples by using equations (48) and (49) instead of (47).
After a lengthy alulation an expliit expression for
Yf (t) reveals itself as
Yf (t) = e
−ξ1
{ ∞∑
k=0
(−ξ2)k
k!
1F1(1; 2k+76 ; ξ1)
2k+1 + 1 − 1F1
(
1; 76 ; ξ1
)
+ 6 ξ17 1F1
(
1; 136 ; ξ1
)
+
ξ22
2! 5
{
1 − 1F1
(
1; 116 ; ξ1
)}
+
3 ξ1 ξ
2
2
55 1F1
(
1; 176 ; ξ1
)}
(50)
(for the detailed derivation, see Appendix A), whih allows
us to obtain a losed expression for ψf (0, t) in equation
(48) [or (49)℄. For ξ1 = 0, equation (50) learly redues to
the eld-free result
∫ 1
0
dz e−ξ2 z
2
=
∞∑
k=0
(−ξ2)k
k! (2k+1) =
1
2
√
pi
ξ2
erf(
√
ξ2) . (51)
Sine there is no guarantee for eah expression for ψf (0, t)
in (48) and (49) to fulll the normalization ondition for
the wavefuntion, let us onsider their ombination for a
orret numerial evaluation of ψf (0, t), namely,
ψf (0, t) = c
(
φf (0, t) +
√
2 i ~B3 t
pim e
− i
~
E t Yf (t)
)
+ (52)
(1 − c) φf (0, t) ·
(
1 −
√
2 i ~B3 t
pi m Yf (t)
)−1
,
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where the onstant 0 ≤ c ≤ 1 an be determined by nu-
merial tting to the exat result being a numerial solu-
tion of the integral equation (17) for x = 0. As shown in
gures. 1 and 2, equation (52) gives the exellent results,
espeially in the very short-time region when the eld is
swithed on so that the deay proess is slower than ex-
ponential [14℄.
Here, we also nd a new and useful integral identity of
the Airy funtion; with the aid of equations (31) and (51)
we easily get
Yf (t) =
∫∞
−∞ dσAi(σ)
∫ 1
0
dz e
−
“
ξ2 −σ (−3 ξ1)
1
3
”
z2
= (53)
√
pi
2
∫∞
−∞ dσ Ai(σ) erf
(√
ξ2 − σ (−3 ξ1) 13
)
1q
ξ2 − σ (−3 ξ1)
1
3
.
At the same time we have [28℄
∫ 1
0
dz e−ξ1 z
6
= 67 M 112 ,
7
12
(ξ1) e
− ξ12 ξ−
1
12
1 + e
−ξ1
= e−ξ1
{
6
7 ξ1 1F1
(
1; 136 ; ξ1
)
+ 1
}
, (54)
where Whittaker's M -funtion
Mκ,µ(ξ1) = e
− ξ12 ξµ+
1
2
1 1F1
(
1
2 + µ− κ; 1 + 2µ; ξ1
)
, and
the onuent hypergeometri funtion
1F1 (a; b; x) =
Γ (b)
Γ (a)
∑∞
k=0
Γ (a+ k)
Γ (b+ k)
xk
k! [29℄. Equation (54)
an easily be veried by means of the expansion e−ξ1 z
6
=
1 − ξ1 z6 + · · · and then the omparison of both sides.
Now, the omparison between (53) with ξ2 = 0 and (54)
immediately yields the identity [30℄∫∞
−∞
dσ√
σ
Ai(σ) erf(χ
√
σ)
= 2χ√
pi
e−ξ1
{
6
7 ξ1 1F1
(
1; 136 ; ξ1
)
+ 1
}
, (55)
where ξ1 = χ
6/3.
4 Time-Evolution of the probability density
at the potential enter
It is still not easy to deal with a losed expression in (38)
for the numerial evaluation of the ionization probability
P(t) = 1−|〈ψb|ψF (t)〉|2. Considering the shape of ψb(x) =√
B e−B |x| for B large enough (or |f | ≪ 1 for a given
eld strength F ), it would be no harm to adopt for the
qualitative study of P(t) the approximation
lim
B→∞
√
B e−B |x| −→ δ(x) = lim
n→∞
√
n
pi
e−nx
2
, (56)
whih allows us to use 1 − |ψf (0, t)|2 as a simple alter-
native to P(t). See gure 3 for the numerial evaluation
of |ψf (0, t)|2 for various values of f ; the losed expression
in (52) with (50) gives results in good agreement to the
exat ones [31℄. Here we observe the slak ripples in the
time evolution obtained from equation (52). The origin of
the ripples has been disussed in [12℄ and [32℄; the initial
bound state ϕb(p) in equation (11) is symmetri around
p = 0. By applying the eld, this symmetry breaks down
in suh a way that the motion of the partiles in one di-
retion is just aelerated so that they will easily leave
the potential well. On the other hand, the other dire-
tion gets slowed down until the partiles stop, and then
they reverse their diretion of motion so that the partiles
again approah the potential well at x = 0. Then they are
partially reeted from the potential well. This proess is
repeated until all partiles will ompletely leave the po-
tential well. From the results shown in gures 1-3 we may
say that ψf (0, τ) in (52) leads to a good approximation of
the exat result for ψf (x, t) in the integral equation (17).
5 Conlusion
In summary, we studied the time evolution of a partile
bound by an attrative one-dimensional delta-funtion po-
tential (at x = 0) (or an ultrathin quantum well) when a
uniform eletrostati eld is applied. Thus far, no ana-
lytially solvable model of eld emission has been known.
We obtained expliit expressions for the time-dependent
wavefuntion ψf (x, t) and the ionization (or bound state)
probability P(t), respetively, in the weak-eld limit, es-
peially that for ψf (0, t) [see equations (48), (49) and their
ombination (52) with (50)℄ whih is a key element to the
evaluation of ψf (x, t) and P(t). This expliit expression
for ψf (0, t) was shown to be a muh better approxima-
tion of the exat result than its ounterpart obtained from
the exponential deay approximation [see equation (47)℄
in that, e.g., the resulting probability density |ψf (0, t)|2
as a simple alternative to P(t) an easily be numerially
evaluated and is in exellent agreement to the exat result
with the ripples, whereas no ripples an be observed from
the exponential deay approximation. It is further sug-
gested that even for the strong-eld limit our result for
ψf (0, t) would be a better approximation on the average
to the (highly osillatory) exat one than the result from
the exponential deay law whih has been shown to be
a good approximation on the average in the strong-eld
limit [12℄. In studying this subjet, we also found an in-
teresting integral identity of the Airy funtion. Next, we
will explore the analytial expressions for various (time-
dependent) quantities in a delta-funtion potential system
V (x) =
∑
λ Vλ δ(x− xλ), where λ = 0, 1, 2, · · · N .
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A : A mathematial supplement - derivation
of equation (50)
We would like to evaluate the integral
∫ 1
0
dz e−ξ1 z
6 − ξ2 z2 =
A0(ξ1, ξ2) + A1(ξ1, ξ2) + A2(ξ1, ξ2), where
Ak(ξ1, ξ2) =
∞∑
n=0
(−ξ2)3n+ k
(3n+ k)!
∫ 1
0 dz e
−ξ1 z6 z6n+2k . (57)
Along the same line with eq. (54), we an obtain
∫ 1
0 dz e
−ξ1 z6 z6m = e−ξ1 1
F1(1;m+ 76 ; ξ1)
6m+1 (58)
with m = 1, 2, · · · , whih immediately leads to
A0(ξ1, ξ2) = e
−ξ1
{
1 + 6 ξ17 1F1
(
1; 136 ; ξ1
)
+
∞∑
m=1
(−ξ2)3m
(3m)!
1F1(1;m+ 76 ; ξ1)
6m+1
}
. (59)
Similarly, we get
∫ 1
0 dz e
−ξ1 z6 z6n+2 = e−ξ1 1
F1(1;n+ 32 ; ξ1)
6n+3 , (60)
and then
A1(ξ1, ξ2) = e
−ξ1
∞∑
n=0
(−ξ2)3n+1
(3n+1)!
1F1(1;n+ 32 ; ξ1)
6n+3 . (61)
Also, it follows that
∫ 1
0 dz e
−ξ1 z6 z4 = 2 e−ξ1
{
1
10 +
3 ξ1
55 1F1
(
1; 176 ; ξ1
)}
,
∫ 1
0 dz e
−ξ1 z6 z6m+4 = e−ξ1 1
F1(1;m+ 116 ; ξ1)
6m+5 ,
A2(ξ1, ξ2) = e
−ξ1 ξ22
{
1
10 +
3 ξ1
55 1F1
(
1; 176 ; ξ1
)
+
∞∑
m=1
(−ξ2)3m
(3m+2)!
1F1(1;m+ 116 ; ξ1)
6m+5
}
. (62)
From equations (59), (61), and (62) we easily arrive at the
expression in (50).
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Figure aptions
Figure 1: deay rates Γf (t) versus time t, where Γf (t) is
obtained from the wavefuntion ψf (0, t) = e
− i
~
A(t)
with
A(t) = (Eb +∆f (t)− i2Γf (t)) t. Here the bound state en-
ergy Eb = −~2B22m , and we use ~ = m = B = 1 for plots.
Two solid lines are s1 from the exat result and s2 from
equation (52) while two dot lines are d1 from equation
(43) and d2 (straight line) from the exponential deay
law. a) for f = 0.1, c = 1 for s2, and Γf = 0.0010 for d2
; b) for f = 0.5, c = 0.65 for s2, and Γf = 0.1896 for d2 ;
) for f = 1, and c = 0.45 for s2, and Γf = 0.52916 for d2
; d) for f = 2, c = 0.45 for s2, and Γf = 1.2115 for d2.
Figure 2: level shifts ∆f (t) versus time t, where ∆f (t)
is obtained from ψf (0, t) as Γf (t) is. a) for f = 0.1 and
∆f = −0.0072 for d2 ; b) for f = 0.5 and ∆f = −0.0738
for d2 ; ) for f = 1 and ∆f = −0.10722 for d2 ; d) for
f = 2 and ∆f = −0.11235 for d2. Other parameters are
the same as for gure 1.
Figure 3: |ψf (0, t)|2 versus time t. All parameters are the
same as for gures 1 and 2. Note that d1 breaks down for
f = 0.5, 1, 2, i.e., |ψf (0, t)|2 beomes greater than 1.
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